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a b s t r a c t
This paper investigates the problem of chaos control, and proposes a simple adaptive
feedback control method for it under a reasonable assumption. In comparison with
previousmethods, the present control technique is simple both in the formof the controller
and in its application. A numerical example using the Genesio chaotic system verifies the
effectiveness and correctness of the proposed approach.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In the last two decades, chaos has been intensively investigated within mathematics, engineering science, and secure
communication, etc. SinceOtt, Grebogi, andYorke (OGY) [1] first proposed themethodof chaos control in 1990, chaos control
has attracted increasing attention, especially in recent years, and lots of successful experiments have been reported [1–4].
How to realize the control of a chaotic system by designing a simple and physically available controller is particularly
significant both for theoretical research and for practical applications [5]. In order to solve this problem, some efforts
have been made to deal with this problem, including the feedback control method [6], impulsive control [7], the backstep
method [8], and adaptive control [9–13], to name but a few. However, in the formulation of the control problem, the
controllers proposed in previous works are, in most cases, too complex both in design and in implementation. Outstanding
among the various methods of chaos control is adaptive control [12]. However, in the above method [12] based on the
adaptive controlling technique (ACT), a uniform Lipschitz condition on a given dynamical system is always assumed in
advance. The result in paper [14] shows that we utilize the ACT to get a rigorous control for a systemwhich is not uniformly
Lipschitz but only locally Lipschitz, and even for a system which has unbounded trajectories. That is to say, the condition of
ACT in the above method is not general. On the other hand, for a given chaotic system, the controller obtained by using the
method of [12] is more complex than that obtained by our method. We shall give a concrete example to demonstrate this
in Section 3.
Motivated by the above discussion, we investigate the problem of chaos control. Firstly, by modifying the previous
method [12], we obtain a novel adaptive feedback control method for chaos control. Then, we apply the proposed technique
in this paper to stabilize chaotic systems. In comparison to those obtained by previous methods, the controllers obtained by
our method are simpler—in particular, than those obtained in [12]. Finally, a numerical simulation with the Genesio chaotic
system verifies the correctness and effectiveness of the proposed method.
2. Main results
In this section, we investigate the problem of chaos control by modifying the previous method [12], and propose the
main results of this paper.
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Let a chaotic system be given as
x˙ = f (x), (1)
where x = (x1, x2, . . . , xn)T ∈ Rn, f (x) = (f1(x), f2(x), . . . , fn(x))T : Rn → Rn is a smooth nonlinear vector function.
Without loss of the generality, let xe = 0 be an equilibrium point of the system (1). To describe the new design and analysis,
the following assumption is needed:
Assumption 1. There exists a nonsingular coordinate transformation y = Tx such that system (1) can be rewritten as
z˙1 = g1(z1, z2),
z˙2 = g2(z1, z2), (2)
where z1 = (y1, y2, . . . , yr)T ∈ Rr , z2 = (yr+1, yr+2, . . . , yn)T ∈ Rn−r , the second equation satisfies z˙2 = g2(0, z2), with
the vector function g2(z1, z2) being smooth in a neighborhood of z1 = 0, and the subsystem z˙2 = g2(0, z2) is uniformly
exponentially stable about the origin z2 = 0 for all z.
Remark 1. It should be pointed out that not all of the finite dimensional chaotic systems are given as (2) in their original
forms. Therefore, we should make a nonsingular coordinate transformation T , which can adjust the array order of the
variables (x1, x2, . . . , xn) to make the original systems (with the new variable y) have the form of (2). Thus, Assumption 1 is
reasonable, and system (2) is very general, and contains most well-known finite dimensional chaotic systems.
Remark 2. The vector function g2(z1, z2) is smooth in a neighborhood of z1 = 0, i.e., there is a positive constant λ0 such
that ‖g2(z1, z2)− g2(0, z2)‖ ≤ λ0‖z1‖. And the subsystem z˙2 = g2(0, z2) is uniformly exponentially stable about the origin
z2 = 0 for all z, which implies that there are a Lyapunov function V0(z2) and two positive numbers λ1, λ2 such that
V˙0(z2) = ∂V0(z2)
∂z2
g2(0, z2) ≤ −λ1‖z2‖2,
∂V0(z2)∂z2
 ≤ λ2‖z2‖
respectively. Since the system (2) is chaotic and g1(z1, z2) is a smooth function, there exists a positive number λ3 such that
‖g1(z1, z2)‖ ≤ λ3‖z1‖.
In order to stabilize the chaotic orbits in (2) to its equilibrium point ze = 0, we add the following adaptive feedback
controller to system (2) and the controlled system (2) is as follows:
z˙1 = g1(z1, z2)+ u1 = g1(z1, z2)+ k1z1,
z˙2 = g2(z1, z2)+ u2 = g2(z1, z2), (3)
where the controller u = (u1, u2)T = k1z = (k1z1, 0)T . The feedback gain k1 is adapted according to the following update
law:
k˙1 = −γ ‖z1‖2, (4)
where γ is an arbitrary positive constant; in general, we select γ = 1.
Let the system (3) and (4) be the augmented system, and introduce a Lyapunov function,
V = 1
2
zT1 z1 + V0(z2)+
1
2
1
γ
(k1 + L)2, (5)
where L = (λ3 + α), α ≥ λ
2
0λ
2
2
4λ1
. Next, we give the following main result:
Theorem 1. Starting from any initial values of the augmented system, the orbits of the augmented system (z(t), k1(t))T converge
to (ze, k0)T as t → ∞, where k0 is a negative constant depending on the initial value. That is to say, the adaptive feedback
controller stabilizes the chaotic orbits to its equilibrium point ze = 0, and the original system (1) is stabilized.
Proof. Differentiating the function V along the trajectories of the augmented system, we obtain
V˙ = zT1 z˙1 +
∂V0(z2)
∂z2
g2(z1, z2)+ 1
γ
(k1 + L)k˙1,
= zT1 (g1(z1, z2)+ k1z1)+
∂V0(z2)
z2
g2(z1, z2)− (k1 + L)zT1 z1,
= zT1 g1(z1, z2)− LzT1 z1 +
∂V0(z2)
z2
(g2(z1, z2)− g(0, z2))+ ∂V0(z2)z2 g(0, z2),
≤ λ3zT1 z1 − (λ3 + α)zT1 z1 + λ0λ1‖z1‖ ‖z2‖ − λ1‖z2‖2,
= −αzT1 z1 + λ0λ2‖z1‖ ‖z2‖ − λ1‖z2‖2,
≤ 0.
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Fig. 1. Graphs showing that the Genesio chaotic system is driven to its stable equilibrium state xe asymptotically as t → ∞, while the feedback gain k1
tends to a negative constant.
Obviously, V˙ = 0 if and only if zi = 0, i = 1, 2; then the set E = {(z, k1)|V˙ (z) = 0} = {0} is the largest invariant set
for the augmented system. According to the well-known LaSalle invariance principle, zi = 0, i = 1, 2, which implies that
xi = 0, i = 1, 2, . . . , n, and thus Theorem 1 is obtained. 
Remark 3. In general, n − r ≥ 1, where n − r is the dimension of the variable z2. On the other hand, we stabilize the first
subsystem z˙1 = g1(z1, z2) by applying the previousmethod [12]. Therefore, the controllers obtained in this paper are simpler
than those controllers obtained by the previous method in the general case, or the same as those controllers obtained by
the previous method even in the worst case n − r = 0. Accordingly, the present method is a modification of the previous
method.
3. Applications
In this section, we take the Genesio chaotic system as an example to show how to use the results obtained in this paper
to stabilize a class of chaotic systems.
Example 1. The Genesio chaotic system that we consider here is given by [15]
x˙1 = x2,
x˙2 = x3,
x˙3 = ax1 + bx2 + cx3 + x21,
(6)
where a, b, c are parameters, and the system (6) is chaotic when the parameters take the values a = −6, b = −2.92, c =
−1.2. It is easy to establish that the system (6) has the form of system (2); thus, the controlled system (6) is
x˙1 = x2 + k1x1,
x˙2 = x3,
x˙3 = ax1 + bx2 + cx3 + x21.
(7)
Thus, the original system (6) can be stabilized by a single state feedback.
Remark 4. If we apply themethods in [12], the controller is u = k1x = (k1x1, k1x2, 0)T , which is more complicated than the
controller u = k1x = (k1x1, 0, 0)T obtained by our method. Thus, our method in this paper is better that the above method.
In what follows, we give numerical simulations to verify the above theoretical results. Select the initial state values of
the system (7): x1(0) = 0.2, x2(0) = 4.5, x3(0) = −3, and the initial value of the controller k1(0) = −1. Fig. 1 shows that
the Genesio chaotic system is driven to its stable equilibrium state xe asymptotically as t →∞, while the feedback gain k1
tends to a negative constant.
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4. Conclusion
Firstly,we suggested a simple adaptive feedback controlmethod for chaos control bymodifying thepreviousmethod [12].
Then, we stabilized the Genesio chaotic system by this method. Finally, a numerical simulation with the Genesio chaotic
system verified the correctness and effectiveness of the method obtained.
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